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Fréedericksz transition thresholds in pretilted nematic slabs
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The appearance of periodically distorted director structures in pretilted nematic slabs with rigid boundary
conditions above the Feelericksz transition is determined as a function of the Frank elastic constant ratios
K, /K1, K3/K4, and the pretilt angle. It is found that the periodically distorted state can be reached either
directly from the undistorted state on increasing the magnetic field or indirectly through the homogeneously
distorted state. A new threshold field for the transition undistorted state, homogeneously distorted state was
found for specific ranges of the Frank elastic constant radip& ,, K3 /K4, and the pretilt angle.
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[. INTRODUCTION less special symmetry considerations can be used to simplify
the structure of the director field, the Euler-Lagrange equa-
It has been known for some time that periodically dis-tions are in general not amenable to an analytical solution
torted nematic director structures may occur above the magand numerical methods must be employed. In this work we
netic field driven Fredericksz transition in a uniform nem- are going to follow the approach ¢14] which consists in
atic slab[1-3]. In the bend geometry the so called stripe parametrizing the two nematic director field defining angles
phase was analyzed by several autfard,5 who proposed @ and ¢ in terms of their lowest order Fourier components
different mechanisms for its appearance. Among those Alallowing for the existence oPy with wave vector in X,y)
lenderet al.[5] have put forward a stability analysis study of plane. The nematic-director—magnetic-field geometry stud-
the director field based on the usual Frank free energy thaed is shown in Fig. 1. The director considered is
predicts the stripe phase to appear at a magnetic field that can
be only marginally higher than the usual bendderericksz

transition field. In the splay geometry Lonberg and Meyer Ny=Cog -+ y)cos ),
[3] found that a periodic distorted nematic director state
could appear at a field smaller than the usual splagdee ny=cog 6+ y)sin(¢), (1)

icksz transition field for nematics of sufficiently high elastic
anisotropy. A similar situation can in principle also occur in
the twist geometry as noticed by Kif]. n,=sin(6+1y),
In this study we focus our attention on magnetic field
driven Freedericksz transitions in pretilted nematic slabs
with rigid boundary conditions in the intermediate geom-
etries between the pure bend and splay geometries. This sub-
ject has been studied by several autH&s12] but a com-
plete account was not given until now. It was shown by
several authorg7-9] that in pretilted nematics wheKs
#+K the usual magnetic field driven Fegericksz transition
from the uniform to the homogeneously distorted stéig)(
is discontinuous. It was also fouél] that for a certain range
of the pretilt angle around the pure splay geometry the un-
distorted statel) may become unstable against a periodi-
cally distorted director state/;) in sufficiently anisotropic
nematics. The consideration of both findings in a consistent
picture has not been obtained yet and is the subject of this
work.

Il. CALCULATION METHOD

The nematic director field can in principle be obtained ’
from the solution of the appropriate set of Euler-Lagrange '
equations that follow from the minimization of the usual FIG. 1. Nematic-director-magnetic-field Teericksz transition
Frank free energy plus the magnetic contributjdB]. Un-  geometries analyzed in this study. The plates ae=at|/2.
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with 6 and ¢ given by

6=[6y+ 6, cogq- p/l)]cog 7z/l)
+[ 6.+ 63c08q- p/l)]cog 37z/l)

+[0,sin(27zZ/1) + 65 sin(4mz/1)]sin(g- pl1), (2)

p=[ o+ ¢ codq- pll)]cog 72/l
+[ 1+ dpzcogq- pll)]cog 3mz/l)
+[pysin2mz/) + ps sin(4mz/1)]sin(g- p/l), (3)

a: qxéx+ qyéy ) 5: X’éx"'y’éy

where y is the pretilt angle] is slab thicknessq is the

normalized wave vector of thgy distortion, and the ampli-
tudes g, ... ,05, and ¢g, . .
field. The magnetic field is

Hy=—-H sin(y),
H,=0, (4)
H,=H cogvy).

The average free energy per unit volume is given by

1 [\ (12
Fz—f f f dz ds (5)
INJo Joi2

where

1 = \2 SR v ~\2
f=§{K1(V-n) +Ky(n-VXn)
+K3(NXVXn)2—ya(n-H)2,

>

>

S=S

lall

2

A= l.

ldl

Upon substitution of by Eq. (1) and # and ¢ by Egs.(2)
and(3), F becomes a function ofy, ... ,05, ¢, ... ,Ps,
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which corresponds fdn=1 to the stability limit ofi/ against
the onset ofHy as is shown irf15]. In view of the results
guoted earlier for the onset &%, in the limiting geometries,
respectively, pure splay and pure bdidgb], our analysis of
the intermediate geometry begins with the calculation of the
relation betweerh, K5/K;, K,/K4, and y at the stability
limit of ¢/ against the onset ¢P;.

In order to obtain the Hessian or stability matrix Bf
with respect to the amplitudes connected with the existence
of a P4, we need not consider the full form &f, but it is
enough to have its expansion about the desired point up to
second order in those amplitudes which e 65, 6,, 605,
by, b3, ¢4, andegs. This is advantageous for the implemen-
tation of the integrations that appear k). The stability
matrix in U is

PF, ,
Si'_ , Xizeil ¢i (|:2,,5 (7)

i~ 5y 9x.
&XI&X] X =0

At the stability limit of ¢/ the determinant o§; is zero and
this yields an implicit equation that relates the reduced criti-
cal magnetic fielch with K5/K4, K,/K4, 7y, and the wave

vector of the distortiorﬁ. The selected wave vect(irmini-
mizes|S;| and from

|Sij Imin(hy . K3/K1,K, /Ky, 9)=0 ()

we obtain the desired relation betwelen K;/Kq, K, /Ky,

and vy, valid at the stability limit ofi/ for the onset of &4 .

h, is hereafter defined as the value of the reduced magnetic
field above which/ loses stability taPy .

As was seen in the pure bend geomd&y H, may be-
come unstable against the onset?f and this constitutes
another path for the appearance ¢?a At the stability limit
of Hy against the onset of &, the determinant of the
stability matrix (7), evaluated in thé{y4, goes to zero. The

selected wave vect(ﬁ of Py minimizes|Sij| and as before
from

|3j|min(h||,K3/K1,K2/K1,7):0 9

we obtain the relation betwedn,, K53/K;, K,/K4, andy
valid at the stability limit ofH, relative toPy. Equation(9)
represents surfaces of change of stabilityffrelative toPy
in the space of the control parametens=h,, andh=h,
characterize, respectively, the surfaces of loss and gain of
stability of Hy relative to P4 on increasing the magnetic
field.

The stability limiting surfaces oP, in the space of con-

dx, andgy that parametrize the director field and the controltro| parameter$, K5 /K, ,K,/K,y were determined from a

parametersd, K;, K5, K3, x5, andy. For the calculations
we used an adimensional form Bf given by F,=FI%/Kg
and worked with the reduced magnetic field

h=H I VXalKs

T 1 008(9)(1- Ky /Ky) |

(6)

minimization of F, in the space of the director field param-
eters{fy, ....05,90, . ...¢s,0x,0y} and are characterized
by the lowest h=h,) and highestli=h,;,) fields at which

a P4 could be foundh,, gives the lowest field at which

is stable.h;, was determined from the analytical solution of
the apropriate Euler-Lagrange equation that exists fof-fhe
state.
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FIG. 2. (a)—(f) Diagrams defining in th&, /K3, K, /K, plane the ranges of onset of the different states. In regidd loses stability
to Hy, ath=1. In regionB, U loses stability tdHy, ath=1, which in turn is unstable against the formatior/Rf. The small dashed line
separates two distinct behaviors in regidron increasing the magnetic field and corresponds; toh;); . In subregiorC,, U loses stability
directly toPy, ath<1. In subregiorC,, U loses stability directly t&Py, which is unstable relative thy . In (f) the small dashed line was

not determined.

Ill. RESULTS

Depending on the values &f, h; , h; , andh,, , differ- : :
ent behaviors are possible on increasing the magnetic field. N Figs. 28-2(f) relations(8) and (9), dashed and full
lines, respectively, are graphed lag/K; versuskK, /K5 for

When h;<1, U loses stability to @4 at h=h,. Whenh,

=1, U loses stability tdHy ath=1 (the usual Fredericksz

transition. Hy loses stability taPy ath=h,, .
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TABLE |. Definition of regions of different behavior on increas- LA T T T T L R B L LR
ing magnetic field. Transitions occur at values of the reduced mag- =45 degree
netic field indicated above the arrows(). 1.2 7

Name Transitions Conditions

1
A, U—Hy hy <1, h=1
1 hyohyp
A, U—Hg—Pg—Haq h=1, h;>1 “a
1 1 ohy
B U—Hyg—Pa—Hqg h,<1,h=1,hj>1
h by
C, U—Py—Hyq h <1, h<h,,
hy h
C, U—Py—Hy hy<h<1
"/;1
. . L] 1 1 11111l L 1 L1111l
h=1 and different values of the pretilt angje As the plots 0.4 10" 100 10"

of relations(8) and (9) were obtained fohh=1, the lines

plotted separate regions of different behavigioses stabil- Ki/Ks
ity to Hq ath=1 in region A. At least two subregions exist
in regionA, subregion®A; andA,. In subregionA,(A;) Hy
does(does nok lose stability relative to &4 for h>1. Sub-
region A, repeats the results db]. In region B, U loses
stability to’Hy4 ath=1 that in turn is also unstable relative to ... hi 2 for Ky /K4=1; small dashed line-y 2 ; large dash line—

Pg- In regionC, U loses stability tdPy at some value oh h|+”2. The circles mark the limiting values &f, /K5 beyond which

=h;<1. While in subregiorC, a Py is found when a mini-  the corresponding lines could not be found for fields uphfo
mization ofF, is carried out for the set of control parameters —1 4. Thek , /K range of existence of the different regions is also

{K3/K{,K, /Ky, y,h}, in subregionC, when a minimiza- indicated.

tion of F, is carried out, ndPy is found for the set of pa-

rameterd K3/K;,K,/K;,7,h;} considered and we obtain in- K2/Ky, K3/Ky, and pretilt angle in all regions, defined in
steadH, as the lowest energy stable state. Within subregiorfable I, by a straight minimization d¥,. In / all the am-
C,, U loses stability directly to &4, ath=h,<1, that in  plitudes are zero while if{y the amplitudes linked t&®;,

FIG. 3. K, /K3 dependence of the stability limit reduced fields
squared for the three states involved, respectiviglyH,, and Py
for K,/K;=0.09 andy= /4. Full line—h?; dash-double dotted
line—h;; 2 coinciding withh;,?; dash-dotted line-h3, , coinciding

turn is unstable relative td(y. The transition field in region i.€., 02, ....0s andé,, ... ¢s are null. _
C, from U to Hy (throughP,) ath=h, is lower than 1 and Within the set§K,/K;,K3/K1, v} studied, both continu-
so lower than the usual Federicksz transition field. ous and discontinuous transitions frdidirectly to thePy

In Table | the complete definition of each region is given.were encountered in regiddy as the reduced magnetic field
The actual transitions between the different states will occuh at whichl/ becomes unstable for the onset dPais either
at the stability boundaries when they are continuous whileequal to or higher than the reduced field at whie be-
the exact location of the discontinuous transitions is fluctuacomes stable. In Fig. 3 we present #§/K,=0.09 andy
tion dependent. In a mechanical system discontinuous tran=m/4 the h,, h;, h;, h;,,;, h;;, andh, dependence on
sitions also occur at the stability boundaries. In R@&f.it is K1/Kj.
shown that the magnetic field driven discontinuous transition The accuracy of the approach followed based on the use
between the two stable homogeneously distorted nematiof an ansatz can be checked in the first part of the work
structures occurring in a nematic slab takes place at the stathere the stability matrix is calculated. The determination of
bility limit of the configuration the system is in or within its the stability matrix either ird/ or in Hy requires the knowl-
experimental error. This result leads us to expect a similaedge of the amplitudes that characterize that stati.those
type of behavior for the system studied here. amplitudes are zero but iHy they are not and must be found

To characterize the type of transitions between the differfrom a minimization process on four parametety,( 64,
ent director structures encounteréf,Hy, andPy, we be- ¢, and¢,). Fortunately, as mentioned previously, the exact
gin by referring the transition frond/ to Hy which was director field of H4 can be found from the solution of the
shown to be discontinuous for a pretilted nematic wKgn appropriate Euler-Lagrange equations; this calculation was
#Ky [7-9]. The transition from/ to Py at h=1 which is  carried out and both the energy and the maximum value of
achieved througfi, is also discontinuous as in the previous the distortion were compared with the values obtained from
case. To investigate the other possible transitions and thtae ansatz solution and they agreed in better than 1% for the
type of P4 structures, we have determined the amplitudesmajority of theK3/K, range explored. IP; the amplitudes
0o, .. .,0sand¢g, . .. ,¢s as functions of the reduced mag- must be found from a minimization process on the param-
netic field h for several sets of elastic constants ratioseters{6y, ...,05,¢q, . .. ,$5,0x,0y}-
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IV. CONCLUSION Ks/Ky, K,/K4, and the pretilt angley, a transition field
lower than the usual Feglericksz transition field for th&r-
Hq transition was also found, with the transition occurring
throughPy.

We found that in pretilted nematics with sufficiently high
elastic anisotropy the homogeneously distorted stafg) (
appearing above the magnetic field drivenderericksz tran-
sition may be replaced by a periodically distorted statg) (
WhenK;# K the transitions between the different states are
not continuous in general. For a particular range of the elas- The PRAXIS XXI program is acknowledged for financial
tic constant ratio¥3/K,, K,/K4, and the pretilt angles,, a  support given under Project No. 3/3.1/MMA/1769/95. One
periodic state that appearshat 1 is not reached directly but of us (J.P.C) acknowledges support given by Project No.
throughH, . In particular ranges of the elastic constant ratiosSPRAXIS 2/2.1/MAT/380/94.
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