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Fréedericksz transition thresholds in pretilted nematic slabs
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The appearance of periodically distorted director structures in pretilted nematic slabs with rigid boundary
conditions above the Fre´edericksz transition is determined as a function of the Frank elastic constant ratios
K2 /K1 , K3 /K1, and the pretilt angle. It is found that the periodically distorted state can be reached either
directly from the undistorted state on increasing the magnetic field or indirectly through the homogeneously
distorted state. A new threshold field for the transition undistorted state, homogeneously distorted state was
found for specific ranges of the Frank elastic constant ratiosK2 /K1 , K3 /K1, and the pretilt angle.
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I. INTRODUCTION

It has been known for some time that periodically d
torted nematic director structures may occur above the m
netic field driven Fre´edericksz transition in a uniform nem
atic slab @1–3#. In the bend geometry the so called stri
phase was analyzed by several authors@1,4,5# who proposed
different mechanisms for its appearance. Among those
lenderet al. @5# have put forward a stability analysis study
the director field based on the usual Frank free energy
predicts the stripe phase to appear at a magnetic field tha
be only marginally higher than the usual bend Fre´edericksz
transition field. In the splay geometry Lonberg and Mey
@3# found that a periodic distorted nematic director st
could appear at a field smaller than the usual splay Fre´eder-
icksz transition field for nematics of sufficiently high elas
anisotropy. A similar situation can in principle also occur
the twist geometry as noticed by Kini@6#.

In this study we focus our attention on magnetic fie
driven Fréedericksz transitions in pretilted nematic sla
with rigid boundary conditions in the intermediate geo
etries between the pure bend and splay geometries. This
ject has been studied by several authors@6–12# but a com-
plete account was not given until now. It was shown
several authors@7–9# that in pretilted nematics whenK3
ÞK1 the usual magnetic field driven Fre´edericksz transition
from the uniform to the homogeneously distorted state (Hd)
is discontinuous. It was also found@6# that for a certain range
of the pretilt angle around the pure splay geometry the
distorted state (U) may become unstable against a perio
cally distorted director state (Pd) in sufficiently anisotropic
nematics. The consideration of both findings in a consis
picture has not been obtained yet and is the subject of
work.

II. CALCULATION METHOD

The nematic director field can in principle be obtain
from the solution of the appropriate set of Euler-Lagran
equations that follow from the minimization of the usu
Frank free energy plus the magnetic contribution@13#. Un-
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less special symmetry considerations can be used to sim
the structure of the director field, the Euler-Lagrange eq
tions are in general not amenable to an analytical solu
and numerical methods must be employed. In this work
are going to follow the approach of@14# which consists in
parametrizing the two nematic director field defining ang
u and f in terms of their lowest order Fourier componen
allowing for the existence ofPd with wave vector in (x,y)
plane. The nematic-director–magnetic-field geometry st
ied is shown in Fig. 1. The director considered is

nx5cos~u1g!cos~f!,

ny5cos~u1g!sin~f!, ~1!

nz5sin~u1g!,

FIG. 1. Nematic-director-magnetic-field Fre´edericksz transition
geometries analyzed in this study. The plates are atz56 l /2.
2985 © 1999 The American Physical Society
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with u andf given by

u5@u01u2 cos~qW •rW / l !#cos~pz/ l !

1@u11u3 cos~qW •rW / l !#cos~3pz/ l !

1@u4 sin~2pz/ l !1u5 sin~4pz/ l !#sin~qW •rW / l !, ~2!

f5@f01f2 cos~qW •rW / l !#cos~pz/ l !

1@f11f3 cos~qW •rW / l !#cos~3pz/ l !

1@f4 sin~2pz/ l !1f5 sin~4pz/ l !#sin~qW •rW / l !, ~3!

qW 5qxêx1qyêy , rW 5xêx1yêy

where g is the pretilt angle,l is slab thickness,qW is the
normalized wave vector of thePd distortion, and the ampli-
tudesu0 , . . . ,u5, and f0 , . . . ,f5 parametrize the directo
field. The magnetic field is

Hx52H sin~g!,

Hy50, ~4!

Hz5H cos~g!.

The average free energy per unit volume is given by

F5
1

llE0

lE
2 l /2

l /2

f dz ds, ~5!

where

f 5
1

2
$K1~¹W •nW !21K2~nW •¹W 3nW !2

1K3~nW 3¹W 3nW !22xa~nW •HW !2%,

sW5s
qW

uuqW uu
,

l5
2p

uuqW uu
l .

Upon substitution ofnW by Eq. ~1! andu andf by Eqs.~2!
and ~3!, F becomes a function ofu0 , . . . ,u5 , f0 , . . . ,f5 ,
qx , andqy that parametrize the director field and the cont
parametersH, K1 , K2 , K3 , xa , andg. For the calculations
we used an adimensional form ofF, given byFa5Fl 2/K3
and worked with the reduced magnetic field

h[H
l

p

Axa /K3

A12cos2~g!~12K1 /K3!
, ~6!
l

which corresponds forh51 to the stability limit ofU against
the onset ofHd as is shown in@15#. In view of the results
quoted earlier for the onset ofPd , in the limiting geometries,
respectively, pure splay and pure bend@3,5#, our analysis of
the intermediate geometry begins with the calculation of
relation betweenh, K3 /K1 , K2 /K1, and g at the stability
limit of U against the onset ofPd .

In order to obtain the Hessian or stability matrix ofFa
with respect to the amplitudes connected with the existe
of a Pd , we need not consider the full form ofFa but it is
enough to have its expansion about the desired point u
second order in those amplitudes which areu2 , u3 , u4 , u5 ,
f2 , f3 , f4, andf5. This is advantageous for the impleme
tation of the integrations that appear inFa . The stability
matrix in U is

Si j [
]2Fa

]xi]xj
U

xk50

, xi5u i , f i ~ i 52, . . . ,5!. ~7!

At the stability limit of U the determinant ofSi j is zero and
this yields an implicit equation that relates the reduced cr
cal magnetic fieldh with K3 /K1 , K2 /K1 , g, and the wave
vector of the distortionqW . The selected wave vectorqW mini-
mizesuSi j u and from

uSi j umin~hI ,K3 /K1 ,K2 /K1 ,g!50 ~8!

we obtain the desired relation betweenhI , K3 /K1 , K2 /K1,
andg, valid at the stability limit ofU for the onset of aPd .
hI is hereafter defined as the value of the reduced magn
field above whichU loses stability toPd .

As was seen in the pure bend geometry@5# Hd may be-
come unstable against the onset ofPd and this constitutes
another path for the appearance of aPd . At the stability limit
of Hd against the onset of aPd , the determinant of the
stability matrix ~7!, evaluated in theHd , goes to zero. The
selected wave vectorqW of Pd minimizesuSi j u and as before
from

uSi j umin~hII ,K3 /K1 ,K2 /K1 ,g!50 ~9!

we obtain the relation betweenhII , K3 /K1 , K2 /K1, andg
valid at the stability limit ofHd relative toPd . Equation~9!
represents surfaces of change of stability ofHd relative toPd

in the space of the control parameters.h5hII
2 and h5hII

1

characterize, respectively, the surfaces of loss and gai
stability of Hd relative to Pd on increasing the magneti
field.

The stability limiting surfaces ofPd in the space of con-
trol parametersh,K3 /K1 ,K2 /K1 ,g were determined from a
minimization ofFa in the space of the director field param
eters$u0 , . . . ,u5 ,f0 , . . . ,f5 ,qx ,qy% and are characterize
by the lowest (h5hIII

2 ) and highest (h5hIII
1 ) fields at which

a Pd could be found.hIV gives the lowest field at whichHd
is stable.hIV was determined from the analytical solution
the apropriate Euler-Lagrange equation that exists for theHd
state.
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FIG. 2. ~a!–~f! Diagrams defining in theK1 /K3 , K2 /K1 plane the ranges of onset of the different states. In regionA, U loses stability
to Hd , at h51. In regionB, U loses stability toHd , at h51, which in turn is unstable against the formation ofPd . The small dashed line
separates two distinct behaviors in regionC on increasing the magnetic field and corresponds tohI5hIII

1 . In subregionC1 , U loses stability
directly toPd , at h,1. In subregionC2 , U loses stability directly toPd , which is unstable relative toHd . In ~f! the small dashed line wa
not determined.
e

III. RESULTS

Depending on the values ofhI , hII
2 , hII

1 , andhIII
1 , differ-

ent behaviors are possible on increasing the magnetic fi
When hI,1, U loses stability to aPd at h5hI . When hI
ld.

51, U loses stability toHd at h51 ~the usual Fre´edericksz
transition!. Hd loses stability toPd at h5hII

2 .
In Figs. 2~a!–2~f! relations~8! and ~9!, dashed and full

lines, respectively, are graphed asK2 /K1 versusK1 /K3 for
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h51 and different values of the pretilt angleg. As the plots
of relations ~8! and ~9! were obtained forh51, the lines
plotted separate regions of different behavior.U loses stabil-
ity to Hd at h51 in region A. At least two subregions exis
in regionA, subregionsA1 andA2. In subregionA2(A1) Hd
does~does not! lose stability relative to aPd for h.1. Sub-
region A2 repeats the results of@5#. In region B, U loses
stability toHd at h51 that in turn is also unstable relative
Pd . In regionC, U loses stability toPd at some value ofh
5hI,1. While in subregionC1 a Pd is found when a mini-
mization ofFa is carried out for the set of control paramete
$K3 /K1 ,K2 /K1 ,g,hI%, in subregionC2 when a minimiza-
tion of Fa is carried out, noPd is found for the set of pa-
rameters$K3 /K1 ,K2 /K1 ,g,hI% considered and we obtain in
steadHd as the lowest energy stable state. Within subreg
C2 , U loses stability directly to aPd , at h5hI,1, that in
turn is unstable relative toHd . The transition field in region
C2 from U to Hd ~throughPd) at h5hI is lower than 1 and
so lower than the usual Fre´edericksz transition field.

In Table I the complete definition of each region is give
The actual transitions between the different states will oc
at the stability boundaries when they are continuous w
the exact location of the discontinuous transitions is fluct
tion dependent. In a mechanical system discontinuous t
sitions also occur at the stability boundaries. In Ref.@7# it is
shown that the magnetic field driven discontinuous transit
between the two stable homogeneously distorted nem
structures occurring in a nematic slab takes place at the
bility limit of the configuration the system is in or within it
experimental error. This result leads us to expect a sim
type of behavior for the system studied here.

To characterize the type of transitions between the dif
ent director structures encountered,U, Hd , andPd , we be-
gin by referring the transition fromU to Hd which was
shown to be discontinuous for a pretilted nematic whenK3
ÞK1 @7–9#. The transition fromU to Pd at h51 which is
achieved throughHd is also discontinuous as in the previo
case. To investigate the other possible transitions and
type of Pd structures, we have determined the amplitud
u0 , . . . ,u5 andf0 , . . . ,f5 as functions of the reduced mag
netic field h for several sets of elastic constants rat

TABLE I. Definition of regions of different behavior on increas
ing magnetic field. Transitions occur at values of the reduced m
netic field indicated above the arrows (→).

Name Transitions Conditions

A1
U→

1
Hd hII

1,1, hI51

A2
U→

1
Hd→

hII
2

Pd→
hIII

1

Hd hI51, hII
2.1

B U→
1

Hd→
1

Pd→
hIII

1

Hd hII
2,1, hI51, hII

1.1

C1
U→

hI Pd→
hIII

1

Hd hI,1, hI,hIII
1

C2
U→

hI Pd→
hI Hd hIII

1 ,hI,1
n
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K2 /K1 , K3 /K1, and pretilt angle in all regions, defined i
Table I, by a straight minimization ofFa . In U all the am-
plitudes are zero while inHd the amplitudes linked toPd ,
i.e., u2 , . . . ,u5 andf2 , . . . ,f5 are null.

Within the sets$K2 /K1 ,K3 /K1 ,g% studied, both continu-
ous and discontinuous transitions fromU directly to thePd
were encountered in regionC1 as the reduced magnetic fiel
h at whichU becomes unstable for the onset of aPd is either
equal to or higher than the reduced field at whichPd be-
comes stable. In Fig. 3 we present forK2 /K150.09 andg
5p/4 the hI , hII

2 , hII
1 , hIII

2 , hIII
1 , and hIV dependence on

K1 /K3.
The accuracy of the approach followed based on the

of an ansatz can be checked in the first part of the w
where the stability matrix is calculated. The determination
the stability matrix either inU or in Hd requires the knowl-
edge of the amplitudes that characterize that state. InU those
amplitudes are zero but inHd they are not and must be foun
from a minimization process on four parameters (u0 , u1 ,
f0, andf1). Fortunately, as mentioned previously, the exa
director field ofHd can be found from the solution of th
appropriate Euler-Lagrange equations; this calculation w
carried out and both the energy and the maximum value
the distortion were compared with the values obtained fr
the ansatz solution and they agreed in better than 1% for
majority of theK3 /K1 range explored. InPd the amplitudes
must be found from a minimization process on the para
eters$u0 , . . . ,u5 ,f0 , . . . ,f5 ,qx ,qy%.

g-

FIG. 3. K1 /K3 dependence of the stability limit reduced field
squared for the three states involved, respectively,U, Hd , andPd

for K2 /K150.09 andg5p/4. Full line—hI
2 ; dash-double dotted

line—hII
12 coinciding withhIII

12 ; dash-dotted line—hIV
2 , coinciding

with hII
22 for K1 /K3<1; small dashed line—hIII

22 ; large dash line—
hIII

12 . The circles mark the limiting values ofK1 /K3 beyond which
the corresponding lines could not be found for fields up toh2

51.4. TheK1 /K3 range of existence of the different regions is al
indicated.



h

ar
la

t
io

g

al
ne
o.
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IV. CONCLUSION

We found that in pretilted nematics with sufficiently hig
elastic anisotropy the homogeneously distorted state (Hd)
appearing above the magnetic field driven Fre´edericksz tran-
sition may be replaced by a periodically distorted state (Pd).
WhenK3ÞK1 the transitions between the different states
not continuous in general. For a particular range of the e
tic constant ratiosK3 /K1 , K2 /K1, and the pretilt angleg, a
periodic state that appears ath51 is not reached directly bu
throughHd . In particular ranges of the elastic constant rat
.

s.
e
s-

s

K3 /K1 , K2 /K1, and the pretilt angleg, a transition field
lower than the usual Fre´edericksz transition field for theU-
Hd transition was also found, with the transition occurrin
throughPd .
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